hep-th/0109069 

SLAC-PUB-8984 

SU-ITP-00/24 



Linear Sigma Models for Open Strings 



Simeon Hellerman, Shamit Kachru, Albion Lawrence and John McGreevy 

Department of Physics, Stanford University, Stanford, CA 94305 
SLAC Theory Group, MS 81, PO Box 4349, Stanford, CA 94309 

We formulate and study a class of massive M = 2 supersymmetric gauge field theories 
coupled to boundary degrees of freedom on the strip. For some values of the parameters, 
the infrared limits of these theories can be interpreted as open string sigma models de- 
scribing D-branes in large-radius Calabi-Yau compactifications. For other values of the 
parameters, these theories fiow to CFTs describing branes in more exotic, non-geometric 
phases of the Calabi-Yau moduli space such as the Landau- Ginzburg orbifold phase. Some 
simple properties of the branes (like large radius monodromies and spectra of worldvolume 
excitations) can be computed in our model. We also provide simple worldsheet models of 
the transitions which occur at loci of marginal stability, and of Higgs-Coulomb transitions. 
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1. Introduction 



The study of D-branes wrapped on supersymmetric cycles of Calabi-Yau threefolds 
serves the dual purpose of providing explicit supersymmetric "brane world" models, and 
of providing probes of substringy distances in compactifications where quantum geometry 
comes into its own. To date most calculations of the open string spectra and dynamics 
in this class of compactifications have been done at particular points in moduli space - 
large radius limits, Gepner points, and CFT orbifold points. Yet a host of important 
issues require a more global understanding: the behavior of D-branes under topology- 
changing transitions , the physics of D-brane probes of closed-string singularities , 
supersymmetry breaking [Q, vacuum selection, and the stability of BPS states |]5|,^H,|^,Q . 
A description giving even rough features (such as spectra and singularities) of a large class 
of closed-string backgrounds and D-brane configurations would be of use. 

The gauged linear sigma model (GLSM) [§] provides such a description for the type 
II and heterotic compactifications with only closed strings. Exact CFT descriptions are 
available only at special points in the moduli space. Instead one constructs a massive 2d 
QFT which has the desired CFT as an infrared fixed point, and with parameters that 
can be mapped onto coordinates on the CFT moduli space. One may then compute RG- 
invariant properties (or properties for which the behaviour along the fiow is understood) 
at any point in the moduli space of the Calabi-Yau. Among other things, the GLSM 
enables one to study simple topology-changing processes in string theory, and to obtain a 
picture of the "phase" structure that arises as one varies closed string moduli ||9|, p!0| , pT[| . The 
appearance of Landau-Ginzburg orbifolds as the small-radius limit of certain Calabi-Yau 



models [|T2| is transparent in the GLSM. One may also use these models to find singular 
CFT points in the moduli space P,p!3[1. 

We can describe D-branes in this picture. Some pieces of this description have been 
developed independently in p^ , p!5[1 , especially for "A-type" branes wrapping special La- 
grangian submanifolds of the CY [16,|T7||, and for some simple "B-type" branes (branes 
wrapping holomorphic cycles). For B-type branes the physics of the LG phase is undevel- 
oped, so the phase structure of the open string sector is not understood. But the B-type 
branes are particularly useful to study since the superpotentials for open-string fields are 
free from worldsheet instanton corrections [^|1^,|T^. In addition, they are complementary 
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to heterotic (0, 2) models and F-theory compactifications, in that the data specifying the 
D-b.a„e conUtion con... of .heave, and bundle, on a Caiabi-Yan backg.onnd.B 

In this work we construct hnear sigma models for a large class of B-type branes and 
describe their phase structure.i The boundary conditions and bundle data are specified 
by adding degrees of freedom on the worldsheet boundary; they provide the Chan-Paton 
factors. The boundary couplings provide holomorphic data which specify the D-brane 
configurations. We will describe a class of D-branes which, when viewed as sheaves on 



the threefold, arise naturally in (0, 2) models [^. Our discussion is complementary to the 
heterotic (0, 2) GLSMs. For example, the locations of singular CFTs will be different, as we 
can anticipate from heterotic/type I duality. In the long run, we hope this framework will 
be useful for studying the variation of the open string spectrum as we move through the 
open and closed-string moduli space, and for studying in detail the singularity structure 
of these theories. 

The outline of our paper is as follows. In §2, we write down massive models for 
branes wrapping B-type cycles with various gauge field backgrounds on the brane, and 
discuss the phase structure. We postpone technical details until §3, wherein we describe 
the relevant supermultiplet structure, boundary conditions, and worldsheet Lagrangians. 
§4 presents an alternative technique for branes of finite codimension which is useful for 
describing Higgs-Coulomb transitions. In §5, we discuss some applications of our models, 
including monodromies and marginal stability transitions in closed string moduli space, 
and branch structures in open string moduli space. In §6, we develop methods that one 
can use to compute the spectrum of light fields on the brane worldvolume, and apply 
this technology to a simple example of a brane on K3. §7 contains our conclusions. We 
have put a number of technical details in the appendices. In Appendix A we review 
the supersymmetry transformations of the bulk multiplets. In Appendix B we review 
the superspace formalism and introduce superspace for boundary degrees of freedom. In 
Appendix C we explain a formula from homological algebra which we will use in §4. 



^ In practice, for space-filling branes wrapping cycles in a compact CY, we will also need to 
add orientifolds in order to cancel the RR tadpoles. We leave such a description for future work. 
For a computation of the spectrum of the D-branes at hand, we can imagine that the branes sit 
at a point in the non-compact spatial directions. 

^ Another description of D-branes in different phases, inspired by the GLSM description, can 



be found in |2C]. In §5.1 we give some results consistent with their analysis. 
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The main ideas of this project were presented by S.K. at the Strings 2000 conference 



in Ann Arbor, Michigan [|22| . In the intervening (perhaps overly long) writeup period since 
then, several papers which have significant overlap with our construction have appeared 
2^,p4|,p5| . Generalizations of the construction were given in 



2. Physical interpretation and phase structure 

We begin by presenting the crux of the construction, dispensing with technical details 
until §3. In this section we assume some familiarity with linear models for closed strings 

i- 

Our guiding principle in constructing these boundary LSMs is the B-type M = 2 
supersymmetry which we know we must preserve in the infrared . Since this algebra is 
nearly identical to (0, 2) heterotic supersymmetry, the multiplet and interaction structure 
we employ will be for the most part familiar from studies of heterotic LSMs [pTl , |27[| . 

Our approach to boundary conditions differs from previous work on this subject. The 
virtue of a linear sigma model is its trivial UV field space. All of the nonlinearities are 
encoded in the action, and the nonlinear sigma model arises upon RG fiow. We adopt 
this philosophy in describing boundary conditions; we add boundary potentials for bulk 
fields, and interactions between bulk and boundary fields. We can do this in a manifestly 
B-type supersymmetry invariant way, before imposing boundary conditions. The resulting 
boundary equations of motion of the bulk fields should be satisfied as boundary conditions. 
In the absence of boundary interactions, a scalar will satisfy the Neumann condition that 
the boundary value is free. To make a scalar with a Dirichlet condition, S{(f)) = 0, say, 
we find a supersymmetric way to add to the action a potential on the boundary of the 
worldsheet: 

/ 1^1'- 
JdT. 

As in , this potential term dominates the boundary equation of motion in the infrared. 



We will first examine extreme limits of the GLSM parameters, where a good approxi- 
mation to the infrared physics arises from studying the vacua and light fiuctuations evident 
in the classical worldsheet action. These limits include the large-radius CY, and the "very 
small radius" Gepner point, as identified in and reviewed below. In these limits we 
study the vacuum manifold and the spectrum of massless boundary fermions. The vac- 
uum manifold will specify the background CY geometry and the submanifold on which 
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the branes are wrapped; the spectrum of massless fermions will identify the Chan-Paton 
bundle on these branes. 



(2, 2) linear sigma model is well-known j^. The field content is: one U{1) gauge multiplet, 
five chiral multiplets ^* with charge 1, and one chiral multiplet p of charge —5. These 
fields are coupled via a quasihomogeneous bulk superpotential, W = pG{(j)), of degree 5 in 
the (/)'s. 

2.1. Boundary fields 

We want to model a D-brane wrapped on a supersymmetric cycle of the quintic, with 
some gauge bundle V. Let the cycle be 5 = {S^{(p) = 0, VA = 1 . . J}, a transverse 
complete intersection. To do this, add the following matter fields at the boundary of the 
worldsheet.i We use / boundary Fermi multiplets 7^1, with charges d^ = — degree(5''^(^)) 
(which will allow us to cut out the codimension / cycle of the CY), and r + 1 boundary 
Fermi multiplets /9a=i...r+i5 with charges (states of which will supply the Chan-Paton 
factors). As in (0, 2) models, a fermi multiplet consists of a complex fermion and a complex 
auxiliary boson. We denote the auxiliary partners of 7a, /3a by QA^ba, respectively. The 
Fermi superfields satisfy the chiral constraints: 



where is one of the B-type supercharges preserved by the boundary theory (see Ap- 
pendix A for a definition of the supersymmetry transformations). We also use a boundary 
chiral multiplet p with charge —m. This multiplet is not familiar from (0, 2) supersym- 
metry; it consists of a bosonic component p and an auxiliary fermion component ^ (see 
§3). The short boundary multiplets only differ in the statistics of their lowest component. 
They contain the same number of degrees of freedom and obey 



To be concrete, we will study D-branes on the quintic CY in for which the bulk 



QhA = 

Q^Pa = 0, 



(2.1) 



{/3,/3^} = l, [p,p^] = l. 



(2.2) 



The important interaction term for these fields is the boundary superpotential: 




(2.3) 



We label supermultiplets by their lowest component. 
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(boundary superspace is defined in Appendix B). is a homogenous polynomial in (j) of 
degree d^; while is a homogenous (m — na)th degree polynomial in (p. In components, 
this amounts to 

/ {gAS^'icP) + bapF'^i<P) + ^A^^S^i<P)e' + Pa ipd^F'^{<P) + ^F'^m) . (2.4) 

where the 0s are the superpartners of the bulk cp fields. 
The U{1) symmetry acting only on boundary fields 

(2.5) 

preserves the interaction ( |2.3| ). In spacetime, it acts as the center-of-mass U{1) symmetry 
of the D-brane configuration. We will gauge this symmetry, and project onto the sector of 
states of the boundary theory with unit charge. 

2.2. Review of bulk phase structure 

The IR fixed point governing the bulk quantum field theory will be the same as in the 
JV = (2, 2) case. For the reader's convenience we review the story for the quintic: this 
captures many of the essential features for CY hypersurfaces and complete intersections 
in more general toric varieties. With (f)i,p the scalars in the chiral multiplets, and a the 
complex scalar in the vector multiplet, the bosonic potential in the bulk has the form: 

t^H. = \G{<P)f + \p\' E + (E -^\P\"- + l^^l' + 25|p|2) , (2.6) 

i i i 

where the first two terms arise from the superpotential; the third term arises from the 
term after integrating out the auxiliary field D; and the final term is related by supersym- 
metry to the gauge-covariant kinetic term. 

In semiclassical regimes, the CFT is determined by the vacuum manifold and the 
fiuctuations around it. At large positive r, the term requires that some of the cj)s are 
large and nonzero. The first term in (|2.6| ) requires G = 0. Since some are nonvanishing, 
not all diG can vanish for G transverse, so p = cr = and their fiuctuations are massive. 
Since p = 0, the D-term equation plus the U{1) gauge symmetry forces the (ps to live in P'^. 
The equation G = forces (j) to live on the quintic hypersurface in P^. As r ^ oo, r can 
be identified with the Kahler class of the quintic CY. Since r, (j), and the gauge coupling 
are large in the IR, the fields transverse to the vacuum manifold are very massive. 
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At large negative r, p must be non-zero due to the term. Thus a = G = diG = 0. 
Since G is transverse, = and \p\ = \l —r jh. The are not massive but have a 
superpotential G. The vev of p breaks the U{\) gauge symmetry to a ^5 which rotates (/> 
by fifth roots of unity. Thus the theory in this phase is a Landau-Ginzburg orbifold. The 
Umit r —00, for G — is conjectured to be an exactly solvable CFT p9| . 

2,. 3. The Calabi-Yau phase 

To determine which D-brane configuration we are making, and identify the GLSM 
parameters with moduli of the infrared CFT, we consider the large-radius CY phase of the 
LSM. After integrating out auxiliary bosons, the potential energy at the boundary of the 
string is 

El^^(<^)l' + El^^"(<^)l'- (2.7) 

A a 

The infrared theory will describe fiuctuations about the supersymmetric vacuum, in which 
this potential will vanish. We start by setting S^{(j)) = 0. The fact that the CY coordinates 
satisfy this constraint at the boundaries of the string in the IR indicates that we are 
describing a D-brane wrapped on the algebraic cycle S. 

Next, suppose that the are chosen so that they do not have a simultaneous zero 
on the quintic. This forces p = (and leaves p with only massive fluctuations). also 
gives a mass to a particular linear combination of the boimdary fermions through the 
nonvanishing mass term: 

-V2(3aF-C. (2.8) 
Meanwhile, 7^ pair with the bulk fermions normal to 5" = via the interaction 

-V2-fAdiS^e\ (2.9) 

The massless fermions will transform in some vector bundle over S. This bundle arises 



exactly as in heterotic (0, 2) models f^,^. The functions are homogenous polynomials 
of order m — Ua- If we choose a section Sa of (BO{na) over P^, then F" will provide a map 
to sections of 0{m) by contraction of indices. The bundle V over is then defined by 
the following exact sequence: 

r+l 

0^1/^0 0{na) 0{m) (2.10) 

a=l 



V is the kernel of the map given by F"; V is the restriction of this bundle to S. The 
charge-ria fermions /3a are sections of 0{na), restricted to S. The massless fermions are in 
the kernel of -F" and therefore live in the bundle V. 

If the massless boundary fermions transform as sections of V, the Hilbert space of 
states that they create will transform in a 2'^-dimensional reducible representation of the 
structure group. In flat space with a trivial bundle, in order to select out Chan-Paton 
states in the fundamental representation, we would project onto states with precisely one 
fermion excitation. The analogue in our Calabi-Yau model is to project onto states which 
carry the correct charge (+1) under the boundary symmetry ( p.5| ). This projection and 
its implementation will be further discussed in §3. 

At least some of the open string moduli are manifest in this description of the D-brane. 
Changing the S^{(j)) moves the cycle S in its moduli space, while perturbing the F°'{(j)) 
corresponds to moving in the moduli space of bundles V —>■ S. 

2.4- The Landau- Ginzburg phase 

When r is large and negative, the bulk theory is a Landau-Ginzburg orbifold. The 
fluctuations of (p will be governed by the bulk and boundary potentials. All of the boundary 
fermions are massless in this phase. 

When F is set to zero there is no mass term for p in the action. However, the boundary 
symmetry projection allows only a flnite number of states of the p field; the target space 
does not develop a noncompact branch. This is explained in greater detail in §5.2, and we 
work out the spectrum of states in an example in §6. 

2.5. A few words about quantum corrections 

The LSM is most useful in regimes where a semiclassical expansion is valid. One 
can then reliably identify the light excitations in the 2d field theory, and the corrections 
obtained by integrating out bulk massive modes are suppressed by powers of l/\r\. The 
massive boundary modes constitute a finite number of degrees of freedom and therefore 



their effects are computable. An argument along the lines of [30| indicates that the bound- 
ary superpotential is not renormalized. 

Because we have identified good candidates for the supercharges and global U(l) 
symmetries in the infrared theory, as in P, |3T| , p!3| , |32| certain quantities can be evaluated 



reliably in the massive theory. For instance, changing r is a Q-exact operation in the B- 
model 1^^. Therefore, chiral operators in the Q-cohomology of the B-model should have 
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r-independent properties, which can be studied without loss of generahty in the regimes 
where the semiclassical expansion is good. The simplest example for closed strings is the 



part of the chiral ring which is visible in the B-model. The open string analogue of this 
is the spectrum of massless fermionic open string states stretched between D-branes (or the 
corresponding spectrum of boundary-condition changing operators) , which is computable 
in topological open string theory. 

Similarly, we can calculate the spectrum of massless fermionic open string states and 
the spacetime superpotential which governs them. This coupling is r independent and has 
been computed (through its correspondence with deformation theory of curves) in various 
simple geometric situations in [|5|,^|19| ; these computations are discussed in the framework 
of open string field theory in ||3^. It should be possible to set up the calculation of these 
amplitudes directly in the LSM; analogous closed-string calculations in the LSM framework 
are discussed in e.g. 

There is some r-dependent information of interest: for example, the phase struc- 
ture, monodromy matrices, local behavior at marginal stability transitions, and features of 
brane-antibrane systems (c./. §5 and [0). Even in the absence of an analog of the closed 
string half-twisted model, it seems likely that in semiclassical regimes other properties of 
the CFT should be calculable using the linear model. 



3. Ingredients and Details 

We now describe our construction in detail. For concreteness we phrase our discussion 
in the context of the quintic CY. 

In order to describe strings ending on D-brane configurations preserving 4d A/" = 1 
supersymmetry, the IR fixed point of our massive theory must have M = 2 superconformal 
symmetry. Furthermore, since closed strings propagating away from the D-branes will see a 
background preserving 4d A/" = 2 supersymmetry, the bulk action of the worldsheet should 
have M = (2, 2) superconformal symmetry broken to A/" = 2 superconformal symmetry by 
the boundary theory. 

We begin with a massive M = 2 theory with four supersymmetries, half of which 
are preserved by the worldsheet boundary. We assume that these flow to the desired 
IR supersymmetries. The bulk multiplets have been described in 0, and consist of a 
vector multiplet (f^, A±, cr, D), 5 chiral multiplets of gauge charge 1, ((/>*, -0!^, F*) with 
z = 1 . . . 5, and a chiral multiplet of charge -5, (p, i/'^, F^). Here ^ is a complex scalar; tj) 
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a complex fermion; F a complex auxiliary scalar; a 2d vector field with field stregth 

f_i = -^[-P-i-, -P-]; A a complex fermion; a a complex scalar; and D a real auxiliary field. 

Their transformations under the bulk Af = 2 supersymmetry algebra are reviewed in 
Appendix A. 

We work on the infinite strip parametrized by the time coordinate xq and the spatial 
coordinate xi G [0,7r]. We study B-type boundary conditions, which respect the half of 
the (2, 2) supersymmetry transformations generated by Q and |]T^ . 



3.1. B-type supersymmetric bulk terms 

By adding boundary terms it is possible to write full-superspace bulk terms in a way 
which is manifestly invariant under the B-type supersymmetry which we wish to preserve. 
For a gauge-invariant bulk operator O, 



J d^eo = ^QQ^[s, s^]o + doX + diY. (3.1) 



Here 5" and 5"^ are the supercharges which are broken by the boundary theory, and X and Y 
are gauge invariant operators. The time derivative term is irrelevant for our purposes, while 
Y gives a contribution to the boundary action. Thus, by rearranging the order in which we 
act with the bulk supercharges, we can render a full-superspace integral manifestly B-type 
supersymmetry invariant. 

For a chiral multiplet (p of charge q, the B-type supersymmetric action is as follows 
(using the transformations given in Appendix A). Let us define linear combinations of il^± 
using the notation used for the B-twisted topological sigma model 



e = ^(^+-V'-) • 

The kinetic terms for the 4> multiplets can be written as 
1 



(3.2) 



QQ^[S, S^]cf>cf>^ =do{...) + 

+ ^FFt + Vo<^Vo<^^ - Vi(/>(Vi(^)t - -j^D\(P\^ (3.3) 
+ q ((a1 + A^) + (a1 - A^) e^) + h.c. 
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Here 



^. ^ (3.4) 



Note that Vi is not anti-hermitean. 

For the vector multiplet kinetic terms we get 

+i (a^a+-a1a_)}. 

(3.5) 

The bulk Fayet-Ihopoulos (FI) term and the worldsheet theta term can also be made 
manifestly invariant under B-type supersymmetry. Take the term: 

v/2QQV = D + - V2idia . (3.6) 

Let 

t = ir+^. (3.7) 

Then 

{it)V2QQ^a + h.c. = -rD - + [a + a^) + V^ridi (a - a^) . (3.8) 

The bulk superpotential term, however, cannot be written in a manifestly B-type 
supersymmetry invariant way (as far as we can tell). Following the above strategy, it can 
be written as: 

-iQSW{(t)) + h.c. = -diWF' + didjWr^'Q^ + h.c (3.9) 
Acting on this with gives 

-iQ^QSW (xdi{QW) (3.10) 

which gives a nonvanishing boundary term. This is known as the "Warner problem," since 
it was pointed out in [BSI; we discuss it further in §3.7 S. 



This issue was studied recently in [39|. 
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3.2. Boundary multiplets 

In this section we will describe multiplets of B-type supersymmetry which live on the 
boundary of the string. 

Boundary vector multiplets 

There are two candidates for a boundary vector multiplet. There is a real multiplet, 
with superspace expansion 

s + V2eX-V29X^ + e9d (3.11) 

where s is a real scalar, d is a real auxiliary boson, and A is a complex fermion. For B-type 
supersymmetry, this multiplet only arises in the reduction of the bulk vector multiplet. 

We may also define a real supersymmetry singlet. We shall refer to this as a bound- 
ary vector multiplet. It is just a boundary gauge field ao which is annihilated by all 
supercharges; we will include such a multiplet to gauge the boundary symmetry (|2.5| ). 



Fermi multiplets 

We can define boundary Fermi multiplets following the discussion of (0,2) models in 
0. They consist of a boundary fermion 7 and a boundary auxiliary field g. Suppose 7 has 
charge q under a boundary vector multiplet v. The superfield satisfies the chiral constraint 

Q^7 = E (3.12) 

where E is any boundary chiral boson {Q^ E = 0) with charge q and components (i?, i/je)- 
For example, E can be a function of the boundary values of the bulk chiral fields. 
The supersymmetry transformations of this multiplet are: 

Qj = g Qh = E 

(3.13) 

Qg = Qtg = -2i\/o-f + i^E. 

Boundary chiral multiplets 

Boundary chiral multiplets consist of a complex scalar p and a complex fermion ^. 
There is no auxiliary boson. The superfield satisfies the chiral constraint 

Q^P = r (3.14) 

where (r^gr) is a fermi multiplet of the same charge as p satisfying = 0. The super- 
symmetry transformations are: 

Qp = -ii Q'^p = -ir 

(3.15) 

Q^ = Q^^ = 2Vop-gr 
We will see that the fermion ^ will in general have no kinetic terms and will be massive; it 
can be integrated out algebraically. 
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3.3. Boundary terms in the action 

In this section we describe supersymmetric actions for boundary fields, including their 
couplings to the bulk chiral and vector multiplets. 

Kinetic terms 

As in we use first-order kinetic terms for short boundary multiplets of both statis- 



tics. Assume i? is a holomorphic function of boundary chiral superfields ■ Then the 
following kinetic term is supersymmetric: 

-^7^c»,i?(x)e^ - i^diEHx^)fJ + \g\^ - \E\^] 
For a boundary chiral multiplet p, we add a magnetic field term 

C = Jd^e Bp^p = B (i(Vop)pt - zp(VoP+) - + TT^-i (^7rP^ - qIp)) . (3.17) 

A second order kinetic term for a boundary chiral multiplet is less relevant and therefore 
fiows away in the IR; we omit it from the outset. Canonical quantization then gives 

[p,p^] = l/B. (3.18) 

The coupling to the magnetic field masses up the fermion ^ and halves the number of p 
degrees of freedom. The set of states made by p is the Hilbert space of a harmonic oscillator. 
The number operator p^ p for this oscillator is now the generator of phase rotations of p. 
The p multiplet becomes the bosonic analog of a Fermi multiplet. Henceforth, we normalize 
p so that B = 1. 

Superpotential terms 

The crucial supersymmetry invariant for our purposes is the boundary superpotential 
term, which is an integral over half of the B-type superspace. We will use terms of this form 
to specify our brane configuration and its gauge bundle. Take a set of Fermi multiplets 7^, 
such that Q^'jA = Ea{x)i with x representing any scalar multiplet on the boundary with 
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Q'^X^ = '^^ ■ Given a collection of holomorphic functions S^{x) of the scalar multiplets, 
the object 



J2 I dx' 

A ^ 



A 

is invariant under supersymmetry if 



Y,9AS^ + idiS^-fA^i, 



(3.19) 



+ h.c. . 



Q {EaS^ - 'yAdiS\') = 0. 

This is easily satisfied if EaS"^ is a constant and if S"^ is chiral; this will be the case for 
all of the examples we consider. Upon integrating out the auxiliary bosons, qa, one finds 
a boundary potential 

V=\S^{p)\^. (3.20) 

3.4- Boundary conditions 

Next, we work out the implications of the boundary terms in §3.1 for the boundary 
values of the bulk fields. 

Consider first the case with no boundary superpotential. Then, the variation of the 
bulk action under variation of (j)^ at the boundary is 

{-Di(l))S(pl (3.21) 

Thus, since we allow arbitrary variations of (j)^ at the boundary, we find 

Di4>\qj: = . (3.22) 

If the bulk action is B-type supersymmetric (c./. §3.1), the boundary conditions on 
fermions will be the ones implied by supersymmetry from the conditions on the bosons. 
The boundary equation of motion for from ( |3.3| ) is 

0= f 50^1]. (3.23) 

JdT. 

Since 50^ is arbitrary, 

Vldi: = (3.24) 
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and in particular there is no ry zero mode, as we would expect from e.g. Neumann conditions 
on a superstring in flat space . This is consistent with the fact that 



Qvldi: ~ Di(P\dE. (3.25) 

Next we explain how boundary superpotentials effect supersymmetric Dirichlet con- 
ditions. Add a boundary superpotential of the form 

/ d6-fS{<j)). (3.26) 

Upon addition of such a boundary superpotential, the boundary equation of motion for a 
bulk scalar becomes 



(3.27) 



= J dx°5<P' (r]ijDi<P^^ - d^S'^S^^ - O^EaE^ + fermions) . 

(In the second step we have integrated out the boundary auxiliary bosons.) In the UV 
these are some "rotated" boundary conditions. In the IR the dominant terms come from 



the bulk and boundary potentials and the derivative terms in ( p.27| ) can be ignored. This 
is as in 



28[| . Fluctuations in directions in field space with 



0(pi d(pi 

will be energetically forbidden; they are effectively frozen to zero by Dirichlet boundary 
conditions in the IR. On the other hand, in field space directions for which and 
-^E both vanish, the boundary equation of motion will impose the Neumann condition 
Dicp'^ldT, = as usual. In this manner, the IR dynamics yield effective Dirichlet conditions, 
S{<p)\d'E = E{(/})\gj: = 0, with Neumann conditions in all other directions. 
When we add (|3.26[) the variation of the action with respect to 0^ is: 



= /^^^et(,.-,^Sw). (3.28) 

Thus, the boundary fermion 7 supplies the zero mode for 77 normal to the hypersurface 
{S{(f}) = 0}. This zero mode is required by super symmetry if the bosonic partner has 
Dirichlet conditions. 



14 



Boundary equations of motion for the bulk vector multiplet are as folfows. The vari- 
ation of vq gives 

= 6S= I 5vQ{-v+--d + jo\d^), (3.29) 

JdT. 

where jq is the gauge current couphng to Vq,. 
The boundary variation of cr, gives 

We note here that the vanishing of this term is consistent with the A-type boundary 
condition 

c7-e*V^|aE = (3.31) 

with Neumann conditions on the orthogonal combination. The angle 7 that this line in 
the complex a plane makes with the real axis is unfixed. 

Finally, the equations of motion together with the supersymmetry variations of a 
require that A satisfy the boundary condition 

e^'^A+ + A_|aE = . (3.32) 

3.5. Bulk multiplets on the boundary 

In order to couple bulk and boundary multiplets supersymmetrically, we can decom- 
pose the boundary values of bulk multiplets into boundary multiplets. 

The bulk vector multiplet restricts to a boundary vector multiplet and a real multiplet. 
The combination 

Vo = ^{Q,Q^} (3.33) 

is a singlet under the B-type M = 2 supersymmetry. It will couple minimally to charged 
boundary matter fields according to their gauge charge under the bulk U{1) symmetry. 

The story for bulk chiral multiplets depends on the boundary conditions. If does 
not appear in a boundary superpotential, then: 

Vi(/>|aE = 

= (3.34) 
Vie|aE = . 
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The supersymmetry variations in Appendix A imply that </> and form a boundary chiral 
multiplet, and rj and F form a (trivial) boundary fermi multiplet. RG flow may induce 
a magnetic field coupling for the charged bulk fields at the boundary. This would make 
them analogous to the p multiplet described above. Our considerations will be insensitive 
to this issue. 

If (f) is fixed by a boundary superpotential, 

Vo0|aE = 

(3.35) 

eisE = . 

In this case, the supersymmetry transformations imply that r], F form a Fermi multiplet 
with a deformed chiral constraint Q^rj ~ Vi0. 



A boundary Lagrangian 

Next we write down the complete boundary interactions in an example. Take a Fermi 
multiplet (3 such that DPa = V^pEa{(l)) , with superpotential coupling 



/ dx''d9(3apF''{4>) 



(3.36) 



where p is a boundary chiral multiplet such that Dp = 0. Then the kinetic and superpo- 
tential terms are: 

+ {-iPlEa^ - i/3ipdiEa& + h.c.) (3.37) 
+ ( + i(3apY. + + h-c- ' ^ 
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If we integrate out the boundary auxiliary fields, the boundary Lagrangian becomes: 

a 

+ (-iJ2f^i\Ea\^^a-iPlpdiEae'+h.c.] + | - ^ /jt | 1 + p ^ ^.F^G^ + h.c 

\ a / \ a i 

+ («Vip)^p + ?7p6p + h.c. 
+ ao Us - 1) 



(3.38) 



+ ^ (a^A+ - AlA_) + i= (attt -at) -'-{a- a^) \^qM^ 

The boundary term involving the bulk p field will be explained in §3.7. 

3. 6. Gauging the special symmetry 

As mentioned in §2, because the massless boundary fermions live in a vector bundle 
V , the Hilbert space on the boundary will transform in a sum of representations of the 
structure group of V . The /9s create 2'^ states. To find the correct rank-r Hilbert space at 
one end of the string, we make a projection. 

To motivate this, consider r coincident branes in flat space. We can model this by 
introducing r free boundary fermi multiplets fia- These fermions acting on the vacuum 
give 2"^ = 1 + r + (2) + ■ ■ ■ states. To obtain an r-dimensional space of Chan-Paton factors, 
we project onto states with boundary fermion number one. 

Since our boundary fermions interact, boundary fermion number is no longer con- 
served. However, the boundary fermion number symmetry is replaced by the global bound- 
ary symmetry ( p.5|) mentioned above. We will project onto states which have charge 1 
under this symmetry. This is accomplished by including a boundary vector, ao, to act as 
a Lagrange multiplier 

^hdy 9 ao{js - 1) , (3.39) 

where 

j, = :(3^(3:-:p^p: (3.40) 
is the boundary symmetry current. 
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3. 7. The Warner problem 

In the presence of a B-type boundary, the bulk worldsheet superpotential is no longer 
supersymmetric. Its variation is: 

f I (few = I dx^e^^^ {rjijF' - 2djW^) 
~ / QW. 

JdT, 

This does not vanish even if we impose the equations of motion for F. 

There are many options for dealing with this term. There is a family of boundary 
terms whose variation cancels the Warner term when the auxiliary fields in the bulk 
chiral multiplets satisfy their equations of motion. For example for the quintic with 

W = pG{(t)) 

one can add 



A£bdy = j PV"^ + h-c. (3.42) 



which has 



j dOprjP^ = j dOpFP^ (3.43) 
When the auxiliary field F^ is evaluated on-shell, this gives 

A/:bdy j de pCicp) + h.c. (3.44) 

which cancels the Warner variation. This solution works for any quasihomogeneous bulk 
superpotential. 

Another approach is to set W = as one of the boundary conditions for the bulk chiral 
multiplets. Then the natural fermionic partner of this condition is precisely Q^diW = 
0, and the boundary term ( p.41| ) vanishes. This is natural in that it simply forces the 
boundaries of the worldsheet to lie in the CY hypersurface. This is equivalent to adding a 
neutral fermi multiplet M = + 9m + ■ ■ ■ such that 

DM = -^ (3.45) 

and writing a term of the form ( |3.19D with S = W. The super symmetry variation of this 
action will cancel ( |3.41|) . This is the off-shell version of the fix used in [^^. The constraint 
( p.45| ) is the origin of the inhomogenous terms in the supersymmetry transformation in 

We believe that both these solutions will lead to sensible conformal theories. 
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3. 8. Symmetries of hulk and boundary fields 



Bulk fields 

We will first review the global symmetries of the bulk fields ||]. There are left- and 
right-moving R-symmetries acting on the bulk chiral fields. Under the right-moving R- 
symmetry the supersymmetry current Q~ has charge !§; the Grassman variable 6^ has 
charge 1; and the fields (1/'+, F, a, A_) have charges (—1,-1,1,1). Under the left- moving 
R-symmetry, the supersymmetry current Q"*" has charge 1; the Grassman variable 6~ has 
charge 1; and the fields (-0-, F, a, A_|_) have charges (—1, —1, —1, 1). These symmetries are 
non-anomalous so long as the sum of charges of the chiral multiplets vanishes. 

The bulk superpotential generically breaks the R-symmetry. However, in absence of 
the superpotential there was an additional global symmetry under which each superfield 
could be assigned arbitrary charge ki. By adding this symmetry to the R-charge, we 
find new left and right moving R symmetries under which W has left- and right- moving 
R-charge 1. This symmetry is diagonal; it must be added to both the left- and right- moving 
R-charges. 

For B-type boundary SCFTs, only the sum of the R-charges is preserved: 

Rtot,r = R+ + R- + 2h . (3.46) 

Boundary fields 

Since bulk and boundary fields are coupled, both will be charged under the conserved 
R-symmetry. The R-charges of the boundary fields can be deduced from the charges of 
bulk fields which restrict to the boundary. One will again have to compose symmetries of 
the boundary theory with the naive R-symmetry to make a symmetry which is respected 
by the interactions. There is no anomaly in (0 -|- 1) dimensions so this symmetry will 
survive quantization. We will assume that this U{1)r fiows to the expected R-symmetry 
of the infrared M = 2 superconformal algebra. 

^ The relation between the chiral bulk supercharges and the B-type supercharges Q, 
is described in the Appendices. 
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4. Sheafy variables 

Given a description of a Chan-Paton bundle as the cohomology of an arbitrary se- 
quence of sums of line bundles, a prescription was given in for making a linear sigma 



model of the type detailed above. However, focused on bundles which have constant 



fiber dimension over the entire Calabi-Yau manifold. 

One linear model for branes of finite codimension, i.e. sheaves with nonconstant fiber 
dimension over the CY, was described in §2.3. Simply add a boundary fermi multiplet 7 
of charge —d = —degree{S {(f))) and add a boundary superpotential 

de-^s{(j)). (4.1) 

This produces a boundary energy ~ |S'((/))p which confines the string boundary to the 
hypersurface. This boundary theory would describe a D-brane localized at S[(^) = 0. In 
this section we present another formulation of this model, which is useful because it makes 
e.g. the possibility of transitions between Higgs and Coulomb branches in the D-brane 
moduli space more transparent. 

Introduce a boundary fermi multiplet /3 of bulk gauge charge —d , and a gauge neu- 
tral boundary chiral multiplet p, and project as usual onto the charge one sector of the 
boundary symmetry (|2.5|). Instead of add 



/ 



dep(3S{ct>) . (4.2) 



The resulting vacuum equations set pS{(^) = 0. Away from the locus 5 = {S* = 0} this is 
accomplished by setting p = 0; (3 is massed up by ^. Away from the hypersurface, therefore, 
there is no way to satisfy the boundary charge projection on the vacuum manifold. When 
= 0, on the other hand, there is no constraint on /3 or p, but the charge projection 
picks out a single Chan-Paton state which we will describe in detail below. The resulting 
D-brane is the sheaf which is the cohomology of the sequence 

^ 0{-df-^0 0. (4.3) 

Away from S there is no cohomology; over the hypersurface, the map degenerates and a 
single cohomology element appears at adjacent nodes. 

This method of building a brane on a subcycle has also been described from the 



spacetime point of view, e.g. in ||41] , ^ , p3[| . At large volume, adjacent vector bundles in 
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a sequence have opposite-signed D6-brane charge. The map between them represents the 
open string tachyon. The sequence above describes a D6-brane with D4-brane charge, and 
an anti-D6 brane; they annihilate to leave a D4-brane behind. 

To translate between the two descriptions of hypersurfaces we have given, one can 
think of 7 as a boundary-gauge-symmetry-invariant composite of p and (3. We refer to the 
description using p and (3 as "sheafy variables" and employ it in the next section when we 
discuss transitions in open-string moduli space. 

The reader may be confused by the fact that in the sheafy description there seem to 
be two Chan-Paton states localized at the zero set 5, one created by (3 and one created 
by p^ . That this is not the case can be seen by calculating the cohomology of acting 
on boundary states. As explained in more detail in §6, this yields the number of massless 
open string states in the Ramond sector. 

Consider an example where there is just a single bulk chiral field z parametrizing a 
copy of C. Take S = {S{z) = z = 0}, i.e. a DO-brane at the origin, as described by the 



sequence (|4.3|) . Finally, introduce an additional space- filling brane with a single trivial 
Chan-Paton state, i.e. a D2-brane. We will find the massless strings stretching between 
our brane made by the sequence ( [4.3|) and the D2-brane. Let us start with a vacuum of 



the interesting end of the string which satisfies 

= e|0)=/3t|0) = p|0). (4.4) 

Imposing the boundary charge projection, an arbitrary state in the Hilbert space is 

= h{z, zt)/3|0) + Uz, zt)/3et |0) + h{z, z^)p^Q) + f^{z, zt)ptet |0). (4.5) 

Now we want to solve for Q^'ip) = modulo -exact states. Reducing to zeromodes, the 
relevant terms in are 

Q^ = Q^d + (3pz. (4.6) 



Acting on the first term on the RHS of (|4.5|) , we find 



Q^hiz,z)m = ^dhe^m . (4.7) 

If fi{z) is holomorphic, this state is in the kernel of . Furthermore, acts on the third 
term on the RHS ( f4.5| ) to give: 

Q^fs{z)p^O)=izMz)m ■ (4.8) 
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Finally, the second and fourth term on the RHS of (^]^) are Q-exact. 
Thus, within cohomology. 



Mz) c:^ h{z) + zfsiz) . (4.9) 

The cohomology representatives live in the ring C[z]/ (z), the local ring at 2; = (c./. [§4|)- 
There is a single cohomology generator localized at 2; = 0. This is our state, up to 
descendants. 

We can see even more explicitly that the string endpoint is stuck at the origin and has 
a single Chan-Paton factor by solving for the ground state wavefunction of the worldsheet 
zero modes, which is killed by both and Q. To do this exactly we need the IR effective 
action for the zero modes. In this example the bulk theory is a free scalar field theory and 
the relevant perturbations lie entirely on the boundary. If we assume that the RG flow 
does not add anything to the bulk kinetic terms (as appears to be the case in related work 
|2^ ), and if the boundary superpotential satisfies a nonrenormalization theorem similar to 
that for the bulk superpotential, then the only effect of the RG flow in the presence of the 
relevant boundary perturbation ( [4. 21 ) will be to change the anomalous dimension of the 
superpotential. As the term ([4.2| ) is relevant along the RG flow, it will be dressed with a 
factor M", where M — > 00 in the IR and a is positive. 

Altering the supercharges accordingly, the ground state should satisfy: 

= Q^l^o) = - iM^zh) et/3|0) + {-zdfs) 0^ p^O) + (zzfs) /3|0) 

(4.10) 

= Ql^o) = {-tfiz - iM^dh) pt |o) + {idh) m + (-^^/2) P^et |o) . 

where we have ignored time derivatives since = Q = implies H = 0. The first equation 
in ( |4.10| ) requires that /s is holomorphic, with support only at 2 = 0; thus /s = 0. Similarly, 



the second equation leads to /2 = 0. Rotational invariance implies that the lowest-energy 
state I'i/'o) depends only on (zz). Therefore, 

IVo) ~ A(M)e-^"l^l' {m + p^et|0)) . (4.11) 

In the infrared, as M — > 00, the ground state will become a delta function at S = {z = 0}. 
This has also been observed in HH . 
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4.1. Unions and intersections 

In this section, we explain a number of ways to combine two boundary linear sigma 
models to make another. For argument, we discuss two transverse hypersurfaces of a CY 
defined by Si{(f)) = and S2{(j)) = with degrees di and d2. 



Intersections 

Here are three distinct ways to make the strings end on the intersection {Si 
1. As described in §2, add a boundary superpotential: 



^2 = 0}: 



W = 7i5'i + 725'2. 



(4.12) 



The vacuum energy jS'ip + |'S'2p only vanishes on the intersection. 
2. The tensor product of two sheaves has support on the intersection of the support of 
the two sheaves. Given the resolution of two sheaves by a sequence of line bundles, 
there is a formula for such a resolution of the tensor product whose derivation from 
the LSM is described in Appendix C. In this example, it gives: 







0^0{di] 







O^Oid2] 



(4.13) 



^1 

O^O^^^ 0{di) © 0{d2f~^'h{di +d2)^0. 



The field content is a neutral two /9's of charges di^2, and a p of charge —{di + ^2) 
with the constraints on the Q's and Q^'s determined by the sequence (c./. [p6| ). 
3. There is another sheafy description of this intersection. Take as boundary fields /3i,2 
and pi, 2, coupled via the boundary superpotential: 



W = PlPlSi + P2/32^2 



(4.14) 



and project on separate boundary symmetries for each of /3i,pi and /32,p2- Away 
from the intersection the boundary system cannot satisfy one or the other charge 
projection while staying on the vacuum manifold. 
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Unions 

Three analogous models for the union {Si = 0} U {5'2 = 0} are: 
1. The scheme variables union is simply to use a single boundary fermion of charge 
—di — d2 and add 

= 7^1 (0)^2 ((/>). (4.15) 

The boundary energy is then 1 5*1 521^ and it vanishes if one lies on ezt/ier hypersurface. 
This gives a scheme-theoretic description in the following sense. Notice that if Si and 
S2 are the same, one gets multiple Chan-Paton sectors. In this sense, this boundary 
linear model keeps track of the fact that a pair of coincident branes is a non-reduced 
scheme. Related observations were made in . 



2. As with a single hypersurface, we can describe this in "sheafy" variables. By this we 
mean replace 7 by a fermion j3 and a boson p, gauge the new boundary symmetry, 
and add 

W = pPSi{(t))S2{(t)). (4.16) 

3. While tensoring sheaves intersects their supports, adding them gives a sheaf whose 
support is the union. Simply adding together the sequences we find: 

_ o^O{di) 

e 

^ o^O{d2) (4.17) 



0^0® 0^^-^'^0{di) © 0{d2) ^ 



The superpotential is the same as ( tl.l4| ). But if there is just a single charge projection. 



we obtain the union of the two branes because the string ends on one brane or the 
other. So this is really the analog of the third way of intersecting - we just do one 
charge projection instead of two. This is also consistent with the fact that if only one 
of the boundary symmetries is gauged, then there is one left over which acts as the 
second U{1) spacetime gauge symmetry - the branes can move independently. 
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5. Applications and consequences 

5.1. Monodromy in closed-string moduli space 

The open string linear sigma model is an ideal tool for thinking about transport of 
branes in closed string moduli space. Choose some boundary field content to make a 
particular D-brane in the IR. If we move along a closed path in Kahler moduli space, 
we come back to the same bulk LSM, but with possibly different boundary data. This 
determines an action of the monodromy group on the branes themselves, and not just on 
their charges. Such a refinement of the action of the monodromy group on branes has also 



been observed in the approach of PT| , ^J^ ] where branes are considered as objects in the 
derived category. 



In the case of the quintic, there are three monodromy generators . At large volume, 
the imaginary part of the complexified Kahler form - represented in the linear model by the 
worldsheet theta angle - has periodicity 2n. A shift by 2n at large r is a noncontractible 
loop and should generate the "large- volume monodromy." A loop about r = should 
generate a monodromy which corresponds to the monodromy about the conifold point in 
the mirror CY. Finally, at large negative r a shift of 9 by 2n is also a noncontractible 
loop in the closed string GLSM. Since r — oo describes the Gepner point which is a 
^5 orbifold point in the moduli space, this shift of 9 should generate the ^5 monodromy 
action about the Gepner point. 

Large radius 

Consider a single D6-brane on the quintic, modeled by a single neutral boundary 
fermion which carries charge 1 under the gauged boundary symmetry. The pertinent 
terms in the boundary action are 

^bdy 3 (^^0 +-^^0 + " 1)^0) (^-1) 

where vq is the bulk worldsheet gauge field, j is the bulk gauge current, js is the boundary 



symmetry current, and gq is the boundary vector field in ( p.39|) . 
Now, shifting 9^9 + 2Tva adds to this 



SC = avo, 
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(5.2) 



(this is only gauge invariant if a is an integer multiple of 27r). This is equivalent to shifting 
the bulk gauge charges of all fields by their boundary charge: 



j^j + ajs. (5.3) 

In our example, this means that when a = 1, we can remove the term ( |5.2[ ) by giving 
the boundary fermion bulk gauge charge 1. But this shifts the chern classes of the bundle; 
in particular, it adds one unit of four-brane charge. This is the expected large-radius 
monodromy. 

This is the right answer for any boundary field content. Adding the boundary sym- 
metry generator to the gauge charge has the effect of tensoring the bundle with the line 
bundle 0{1) over the projective space. This is precisely the effect of moving the NS B-field 
through one period P8|,|5[]. 



Other monodromy generators 

An understanding of the other independent monodromy generator requires an analysis 
of the effective theory at the conifold singularity. Work is in progress in this direction. 
Here we restrict ourselves to a few suggestive observations. 

Firstly, even at large negative r, 9 ^ 9 + 2n acts by adding the boundary current 
to the gauge current. So it seems that the idempotence of the LG monodromy action is 
related to the Zs-valuedness of the worldsheet gauge charge. 

Secondly, it generates the expected monodromy on the branes following the discussion 
in pO]. A "fractional brane" in their model corresponds to a brane whose Chan-Paton 



factors have ^5 charge under the orbifold group, corresponding to the different irreducible 
representations of ^5. The quantum symmetry at the orbifold point rotates these irreps 
and so shifts all of the charges by 1 mod 5. 

Finally, the trivial representation is believed to correspond to the D6-brane at the 



Gepner point |2^. This is the same description as at large radius. The fact that the 
D6-brane has no monodromy about r = suggests that we have the right description at 
the Gepner point. 
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5.2. Degenerations and Singularities 

Singularities in the CFT moduli space are especially important. They provide a 
window into nonperturbative physics, and can give rise to the singularities of the spacetime 
superpotential which are expected in A/" = 1 supergravity H^,0|. In the closed string 



GLSM, singularities of the CFT appear at points in the GLSM moduli space where the 
vacuum manifold becomes noncompact 0. This should also hold true in the open string 
case. Furthermore, apparent singularities in the open string moduli space, such as "small 
instanton" singularites, signal enhanced gauge symmetries or the existence of a branch 
structure in the moduli space. 

Singularities in the closed string moduli space 

For closed strings, singularities in the complex structure moduli space occur when G 
is not transverse; then, as in , there is a branch where p and some of the cps diverge with 
zero energy cost. If there are boundary terms of the form (|3.19| ), where S depends only 



on the bulk fields, (j)^ will not always be able to diverge consistent with S^{(j)) = 0, so the 
D-term keeps p from diverging. The boundary CFT will not be singular (i.e. the D-brane 
physics will be smooth) at many points where the closed string CFT would be singular. 

If S = is consistent with the nonzero (f)^ necessary for the existence of the non- 
compact p branch, then the full boundary CFT will be singular. In other words, there can 
be singularities in the relevant boundary CFT as well as the closed string CFT when the 
D-brane intersects the closed string singularity. 

Singularities in the Kahler moduli space occur when a has a noncompact branch. For 
the closed GLSM on the quintic, this occurs at r = ^ = 0. It is an interesting question 
whether D-brane physics is singular at this point - see for example . If the Chan-Paton 
factors for a given state have nontrivial gauge charge then the answer is uncertain. When a 
is large all of the charged fields have masses of order |a"p. The charged boundary fermions 
create a constant electric field in the bulk. Competing effects exist: on the one hand one 
expects screening of the bulk electric field via Schwinger pair production, on the other 
hand the mass of the bulk charged fields (which must be pair-produced to provide the 
screening) grows quickly down the a branch. It would be interesting to disentangle the 
physics of the potential singularity by performing a delicate analysis of the IR limit (as 
was done for closed strings in [1T3[|). 



Singularities from boundary fields? 
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If the boundary field p has no potential, one might worry that a noncompact branch 
develops and the CFT is singular. For example, in the Calabi-Yau phase, p is usually 
frozen to zero by the term which gives p a large mass since the F"' are 

generically nonvanishing at 5" = in the Calabi-Yau. However, one could choose a bundle 
with singular points, where the -F" all vanish on = 0. Even more uncomfortably, in the 
Landau- Ginzburg phase (p = F = 0. It would be bizarre if the CFT was singular in an 
open set in the moduli space. 

However a p branch does not exist. The boundary charge projection gives a finite 
number of states in the Hilbert space of boundary fields. The p field is a "quantum 
dimension" in the target space, and cannot cause divergences in the path integral. The 
integral over gq projects onto: 

= 5^:/3l/3a:-:ptp:=l . (5.4) 

o 

Since the /3s are fermionic, the positive contribution in ( |5.4| ) is bounded; therefore (when 
( pT^ ) can be satisfied), p contributes a finite volume factor to the path integral and does 
not give any new branches to the path integral. 

Enhanced gauge symmetries 

Despite the absence of a p branch, there is significant physics when a bundle degen- 
erates. If a locus V exists such that for G V, F"(^^,) = G{(j)-^) = 0, then in addition to 
the bundle V, we get a sheafy variables description of a lower-dimensional brane - namely 



a sheaf with support over T). The small instanton limit of the D0-D4 system is the 
classic example of such a degeneration. 

In addition, we can sometimes tune parameters such that additional global symme- 
tries arise, in addition to ( |2.5| ) which rotates all /3's and p's oppositely. Then additional 
spacetime gauge symmetries should appear. 

Small Instanton "Singularities" 

The "sheafy variables" construction of D-branes allows us to easily study transitions 
between branches of D-brane moduli spaces. First we will study two D2-branes filling 
orthogonal complex lines in a fiat C^ The "Higgs branch" can occur when they lie in a 
common and can be deformed into a single D2-brane; the "Coulomb branch" occurs 
when they are separated along the complex line orthogonal to both of them. If we replaced 
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by this would be the T-dual of the small instanton singularity. We will then proceed 
to a direct study of small instantons in the D0-D4 system. 

Consider the linear model which flows to the Coulomb branch. We take as boundary 
fields (3,(3, pi,2, /?', We wish to describe a background with one two-brane located at 

zi = 0, ^3 = 0, and the other at Z2 = O^zs = a. 

Using the "sheafy variables" description, the complex defining this configuration is 



/ ^1 \ 



Z3 



e 



/ Z2 \ 



Z3-a 



Z3 



[2:3,-^1] 



o 



Q®2 
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Q®2 



o 
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z-i 








Z2 

Z3-a 



Z3 -zi 






2:3-0 -Z2 







®2 
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®2 



In other words, the deformed chiral constraints are 

gt/3 = Q^p\=zi^ Q^pI = zs(3 



Q^(3' 



Z3p\ 



z\p\ 



Qt/3 = Q'^p\^Z2i3 Q'^p\^{z3-a)i3 Q'^ (3' ^ {z^ - a)p\ 
and the on-shell supersymmetry transformations are 



Z2p\ 



Q^(3^ ^-z^pi-zsP2 Q^pi = -zs(3'^ Q^P2^zi(3'^ Q^(3'^ = 

Q^P^ = -Z2Pi-{zs-a)p2 Q^pi^-{zs-a)P'^ Q^P2^Z2p'^ Q^p'^ = 



(5.5) 



(5.6) 



One can search for marginal deformations of the system in one of two ways. Either 
one can look for candidate superpotential terms annihilated by (using the unperturbed 
EOM and values for the auxiliary fields); or one can look for consistent perturbations of 
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the ofF-shell deformed chiral constraints and add no explicit superpotential term. The two 
approaches yield equivalent results; here we will take the latter. 

We are interested in deformations which preserve the orientation of the branes and 
more generally the structure of the configuration at infinity, so we only allow deformations 
of the maps of the complex which are constant independent of z. Deformations linear in 
z would generally alter the orientation of the branes, and higher-order polynomials would 
cause even more drastic changes in the brane geometry. 

For o 7^ there are no constant deformations of the system other than the obvious 
ones corresponding to moving the twobrane moduli around on the Coulomb branch. 

When a vanishes, however, one can find other consistent perturbations of the deformed 
chiral constraints, or equivalently deformations of the complex preserving nilpotence of the 
differential Q^. 

Specifically, for vanishing a the most general set of constants one can add to the maps 
of the complex is: 
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We will now show that for a = the effect of this perturbation will be to merge the 
two branes into a single brane covering the locus 23 = 0, z\Z2 = ee' . After adding this 
deformation of the complex, the deformed chiral constraints become 



gt^ = Q^p\ = Z2~^ + e'l3 Q^pl = Z3p Q^p' = zsp\ 
and the on-shell supersymmetry transformations are 
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(5.8) 
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The condition for the Q and variations of all p fields to vanish is 

z3(/3,^,/3'^^'^) = o 

{z^Z2-tt'){(3,~P,(3'\~P'^)^Q. 



(5.10) 



So we see that this deformation moves the support of the brane to the irreducible variety 
defined by 

zz = 0, Z1Z2 = ee' (5.11) 
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which represents the Higgs branch of this D2-D2 system. 

There is a shortcut to finding the locus of the twobrane. If one takes a generic point 
in the base space, the matrices defining the complex are all of full rank. Their rank is 
reduced, leading to nonzero cohomology, exactly when all two by two subdeterminants 
vanish. This occurs at the locus = 0,ziZ2 = ee'. 



Higgs-Coulomb transition in the D0-D4 system 

The merging of two D2— branes is T— dual to the Coulomb- Higgs transition in the 0-4 
system. We can also describe this transition directly. 

A linear sigma model for a zerobrane separated from a pair of fourbranes is 
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di = zi -^1 (5.14) 

(5.15) 

For generic L the only marginal operators one can add simply correspond to shifts in 
the positions of the branes. However for L = one can deform the complex to: 
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(5.18) 
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for B,C,E which satisfy 
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The general solution to these constraints consists of a unit doublet (tti,tt2) and three 
complex numbers b, c, e: 
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; [Ci, C'2] = c[u2, -Ul]; 
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We will now assume generic values of 6, c, e, u. There is never cohomology at the first or 
last node; neither di nor ^3 ever has a kernel. d2 always has determinant zero, which is to 
be expected since di has one-dimensional image, so d2 must have at least one-dimensional 
kernel. 

There will be cohomology at the second and third nodes only when the dimension of 
the kernel of d2 is two or higher, the criterion for which is the vanishing of all twenty-five 
4 by 4 subdeterminants of ^2- We find that the matrix of subdeterminants is 



(5.21) 



Specifically, it factorizes as times a matrix which never vanishes. (The entry in the 
upper left hand corner, for instance, is constant and nonzero). This means that there are 
two fibers along the locus ^3 = (rather than a single fiber, since the zero is doubled), and 
no extra fibers at special subloci of 2:3 = 0. The interpretation is that we have dissolved a 
zerobrane into a smooth instanton field in the pair of fourbranes. (Note that the value of 
e drops out of the subdeterminants and we can set it to zero in what follows.) 

We can see this even more directly by examining the cohomology restricted to 2:3 = 0. 
Setting e = and computing the kernel of d2 we have 
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[Z2, —Zl, Ci, C2 
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(5.23) 



Furthermore, the massless /3's are in the kernel of d[, restricted to zs = 0. That is 
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(5.24) 



In other words, the vector /32, /34, P5] is a harmonic representative of the cohomol- 
ogy of the complex 
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But the ADHM construction of a single U{2) instanton in works precisely by 
defining a holomorphic bundle as the cohomology of this same complex. So we have 
directly demonstrated the ability of a DO brane to dissolve into D4 branes by open string 
worldsheet arguments, without any reference to the brane worldvolume gauge theory. 

This whole computation should generalize without undue complication to the process 
of dissolving k instantons in four branes to make a smooth /c-instanton field in a U{N) 
gauge theory on IR^. 

5.3. Marginal stability transitions: A local worldsheet model 

While many of the quantities which are reliably computed in the open string LSM 
are independent of the worldsheet FI parameter, it is clear that important aspects of the 
physics of B-type D-branes do depend on the Kahler moduli. The most striking example 
is marginal stability transitions, which occur at special loci in the Kahler moduli space. 
Determining when a transition occurs for a given set of brane charges is a delicate problem 
which has come under intense recent investigation (see e.g. PJ^,[7|,p[] ) . Since the topological 
B-model is insensitive to the Kahler parameters, the occurence of such transitions is not 
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transparent in the linear model. However, we can understand the local physics of these 
transitions in the linear model in a simple way. The local model we present below is a good 
candidate to describe the generic worldsheet behavior in the vicinity of such a transition. 

A local model for the spacetime physics of a D-brane undergoing a marginal stability 
transition is the Fayet model [^. This is easily seen in the A-model [^|52[|, where the 
physics can be reduced to a problem involving intersecting branes.i The Fayet model is 
a four-dimensional A/" = 1 field theory with a U{1) gauge symmetry and a single charged 
field. (In the brane system, there is also a center of mass vector field gauging a U{1) under 
which all fields are neutral.) The D-term takes the form 

When the FI parameter ^ is positive, there is a supersymmetric vacuum at nonzero (p; the 
gauge symmetry is broken by this vev and there is a mass gap. For ^ < 0, there is no 
way to make D vanish; supersymmetry is broken, and the gauge symmetry is preserved. 
Classically, the gauge multiplet (A^, Aq.), and the fermion partner i/ja of (p are all massless, 
while (p is massive. In realizations of this transition in B-type brane systems, ^ is to be 
identified with a nontrivial function of the Kahler parameter t = ■^+if. There is a 
supersymmetric brane for ^ > and the brane decays on the locus ^(t, t^) =0 in Kahler 
moduli space. 

This simplest model of the spacetime physics is reproduced by the simplest possibility 
in the LSM. Add a brane-antibrane pair to the linear model - i.e. add a boundary chiral 
multiplet p and a boundary fermi multiplet (3. 

To model the behavior when ^ is small and positive, add the operator 

/(O J depP (5.27) 

to the boundary action (/ is some nontrivial function of ^, which vanishes when ^ = 0). 
The complex then takes the form 

0-{/3V^}-{^I^}-{/3p}-0. (5.28) 

At generic points when ^ > 0, / is non-vanishing. The last map from R-charge to R- 
charge 1 is then onto, and there is no cohomology beyond the center of mass vector at 



In the B-model, these transitions are related to a chamber structure in the moduli space of 



stable bundles [p3 |. 
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R-charge 0. We have a supersymmetric vacuum with the mass gap (for modes other than 
the decoupled U{1)) that we expect. The R-symmetry of the CFT to which we flow must 
preserve (p.27| ), so the operator f3p has unit R-charge. 

Now consider the behavior at ^ = 0. Since /(^) = at this point, the maps in ( |5.28| ) 
degenerate and we get a cohomology generator at R-charge zero (in addition to the center- 
of-mass gaugino 1 = (3^ (3 — p^p) which we identify as a new gaugino. Its image under 
spectral flow is a new massless vector. There is also new cohomology at R-charge 1 of 
the form jSp which we identify with the vertex operator for -0^, the fermi component of 
the charged chiral multiplet. The R-charge of this operator is still unity, and so spectral 
flow generates from it the vertex operator for massless scalar (j). One can show, using the 
equation 

[(3^f3,p(3] = -p(3, (5.29) 

that the string created by this vertex operator indeed carries unit charge under the new 
vector field, as expected. 

Now, what happens as one moves past the spacetime transition point, to the ^ < 
region of parameter space of the Fayet model? At ^ = 0, the model enjoys an extra 
unbroken U{1) global symmetry - one can rotate f] and p independently. There is no longer 
a unique candidate for the U{1)r symmetry which appears in the IR A/" = 2 super conformal 
algebra. We can hypothesize that when ^ is made slightly negative, the R-charge is a linear 
combination of the two U{l)s under which Pp has charge > 1. We then find that the scalar 
4> obtains a tree-level mass since the conformal weight of the image of under spectral 
flow will be different from 1. The operator (3p is still in the cohomology, so i/ja remains 
massless. 

This scenario will be realized in the following situation. When ^ > 0, the (p field has 
two gauge-inequivalent vacua (the true vacuum, and the tachyonic vacuum at {(f)) = 0). 
Associated with these two vacua are two different boundary CFTs. In the CFT of the 
supersymmetric vacuum, where the tachyonic perturbation, J d9(3p, has been turned on, 
the conserved R-charge must be such that Pp has unit R-charge. 
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1r 











Fig. 1: The R-charge, qr, of the operator p/3 varies with the spacetime FI 
coefficient ^. The dashed line indicates the conserved R-charge in the CFT of the 
tachyonic vacuum at (0) = 0. 

In the unperturbed CFT of the tachyonic {(f)) = vacuum, there is an extra global 
boundary U{1) symmetry under which (if necessary by adding to it a multiple of the 
gauged boundary current) only /3 is charged. Therefore the conserved R-charge in the IR 
theory can be some linear combination of the bulk R-current and the f3 number current 
with r-dependent (and hence ^-dependent) coefficients determined by the boundary RG 
flow. It is this gauge-symmetric vacuum (and hence this CFT) which describes the brane 
at ^ < 0, and so the R-charge of pP can vary with ^ when ^ becomes negative. 

It would be very interesting to understand in detail, from a microscopic point of 
view, the appearance of this local model in various D-brane decay processes. It is quite 
plausible that not only generic marginal stability transitions, but also generic variations of 
the worldvolume spectrum on a given D-brane, can be accomplished through the judicious 
addition of brane/anti-brane pairs in this manner. 



6. Massless worldvolume fields 
6.1. Generalities 

In this section we compute the massless worldvolume spectrum in a particular example. 
Our linear model flows to the worldsheet-supersymmetric Ramond sector of strings ending 
on these branes, and it is the states in this sector which are annihilated by Lq that we 
determine. As in KT|,H2,H3[ it should be understood that we are looking at branes in the 



topological B-model, and the spectrum of strings we are computing corresponds to the 
massless open (fermionic) strings stretching between such branes. The relation of these 
"topological" branes to physical branes is not always straightforward: the supersymmetric 
branes in the topological model satisfy the physical F-flatness conditions but not necessarily 
the physical D-flatness conditions. The question of which topological branes satisfy the 
latter condition is equivalent to understanding marginal stability, and loci of marginal 
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stability are not manifest in the linear model (and indeed still need to be determined 
on a more or less case by case basis). In some special cases, e.g. half-supersymmetric 
D-branes on K3, the enhanced supersymmetry makes it easier to infer properties of the 
physical branes from the topological model, so after some generalities we will specialize to 
an example involving branes on K3. 

To find the massless open string states, we can study the supersymmetric ground 
states in the Ramond sector. In this sector, the two unbroken supercharges Q and 
anti-commute to the Ramond-sector Hamiltonian: 



{Q,Qt} = 2Lc 



(6.1) 



By (|6.1|) and standard results in Hodge theory, we can find the supersymmetric ground 
states by computing the cohomology. Since the FI terms are Q exact, we can ignore 
their effects in this computation. 

We will find it convenient to compute the cohomology of acting on operators. 



V 



ab 



a a 

Fig. 2: In the conformal limit, emission of a string stretched between branes is the 
same as insertion of a boundary-condition-changing vertex operator, Vab ~ Plf^a- 



Since, as illustrated in fig. 2, there is a 1-1 correspondence between the open string states 
and associated boundary condition changing operators, this does not constitute a loss of 
generality. 
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6.2. Example: A bundle on K3 
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Our example consists of three D4-branes 
on the quartic K3, with the bundle V de- 
fined by the sequence (|2.10| ) with m = 4 and 
{na} = {1,1,1,1}- There is a boundary super- 
potential coupling f d9(3aF°-{(f))p. The table at 
left displays the gauge charges, R- charge, and 
boundary global charges of all of the relevant 
fields. The bulk vector is neutral under all of 
these transformations. 



Table 1: The charges of the rele- 
vant fields. 



In the GLSM for this simple monad on K3, our supercharge takes the form 
= Qbuik + Qd 



+ A+ -d+a + 



1 



1 
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iD- 



V2) 



(6.2) 



+5{dT) (p/3„F'^(<^) + r?»}. 

We will only be interested in operators which are invariant under the gauged special 
boundary symmetry (so that they map states in the charge-one sector back into the 
same sector). Furthermore, if we are not going to restrict ourselves to a phase of 
the theory where the bulk U{1) is higgsed and integrate out the bulk gauge field, 
we must throw away operators which are not U{1) invariant. We want to find the 
spectrum of massless spacetime fields. The fermionic parts of such multiplets arise 
from Ramond vertex operators whose internal parts have R-charge or 1. The former 
map via spectral fiow to NS-sector operators of conformal weight and hence lead to 
spacetime vectors. Ramond states of unit R-charge fiow spectrally to NS operators of 
unit dimension which give the scalar components of spacetime chiral multiplets. 
The equation of motion of the boundary vector field ao is imposed as an operator 
equation of motion. So we impose the boundary Gauss' Law, 



:/3l/3„:-:ptp:=±l 



(6.3) 
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where the ± depends on the orientation of the boundary component, on our operators. 

• In order to be boundary-symmetry-invariant, an operator has to contain an even 
number of boundary fields. Operators without any boundary fields are just bulk 
operators restricted to the boundary and we ignore them. Included among these is the 
identity operator, which creates the center-of-mass vector. We claim that operators 
containing four or more boundary fields do not create any states beyond those made 
by operators bilinear in the fiber fields. We can see this by making the state-operator 
correspondence more explicit as follows. 

The only subtlety involved is the vacuum degeneracy (present even in the NS sector) 
arising from the boundary fermion and boson zero modes. To resolve this, we choose a 
reference state, 

|0)+®|0)_. (6.4) 
Here |0)± are vacua of the two ends of the string satisfying 

= /3„|0)_ = pt|o)_ = (3i\0)+ = p\0) + . (6.5) 

So we have arbitarily picked out a state which is not in the boundary Hilbert space of the 
ends of the string because it does not satisfy the boundary charge projection. The state 
corresponding to an operator is obtained by acting with that operator on this vacuum and 
projecting onto the subspace satisfying the charge projection. For example, an operator 
of the form makes the state with the — end of the string in sector a, and the -|- end 
of the string in sector b. Acting on this state, the only independent boundary operators 
invariant under the boundary symmetry are of the form 

Operators which are least quartic in the fiber fields are made by acting with one of these 
operators again. Using the charge projection ( |6.3| ) this will always give zero or a state 
created by a quadratic operator. 

• It is convenient to divide up into 

Qi=Ql + Q\ (6.6) 

where Qq includes only the parts depending on derivatives of bulk fields. By a zig-zag 
argument of the type appearing in ||3^ we can compute the cohomology of by 
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computing the cohomology of Q\ in the cohomology of Qq. This tells us that we can 
leave out any non-holomorphic dependence on and we can leave out 0's and their 
daggers because any operator with 0- or ^'''-dependence is a descendant. 

• We discard the vector multiplet from our cohomology calculation. It is massive at 
large |r|, where its effect is to impose Gauss' law and its supersymmetric completions. 
Combined with the fact that the result of this calculation is independent of worldsheet 
FI terms (which are descendants), this means that we may safely neglect it. A 
more rigorous justification for this awaits future work. 

• Operators containing the bulk field but not containing its partner rjj^ are in the 
image of the supercharge because of the term 

5(aS)r7> (6.7) 

added to the supercharge to solve the Warner problem. 

Schematically, the structure of the action of on the pertinent operators is: 




where the notation means that i?"^^((/») is a homogeneous polynomial in of degree I (and 
likewise for Ss and Ts). 

In order that these operators be gauge invariant we need I = —3. This means that the 
first node is trivial, and at the second node the polynomials are just constants. At the third 
node, the polynomials are cubic and these operators are exactly of the form of marginal 
deformations of the superpotential. Accordingly, they have R-charge 1. The image 

of Qt 

from the R-charge zero operators at the previous node consists of operators of the form 

RabF%(t>)(3w. (6.9) 

where Rab is a constant and F"- is the section of 0C(na) appearing in the boundary 
superpotential. This tells us that in cohomology, 

T(«)(0)^T('^3)+i?,5/(0). (6.10) 

Since there are twenty independent degree three monomials in four variables, we find 
4(20 — 4) = 64 elements of cohomology at R-charge 1 from this part of the complex. 
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At R-charge 0, the only operator in ker(Q^) is 

■.Pll3a:-:p^p:=j, (6.11) 

which by the boundary Gauss' law ( |6.3|) is the identity operator which creates (the fermion 
partner of) the center-of-mass vector field. 

We note here that the brane worldvolume Higgs mechanism has a very natural imple- 
mentation in this complex. Cohomology can appear at adjacent nodes which have R-charge 
and 1 respectively, resulting in a new vector field and a new charged multiplet descending 
to zero mass. 

Note that this framework could as easily have been applied directly to the large- 
radius phase of the theory. In that case, we would have simply set p = to its vacuum 
value and ignored its massive fiuctuations. One finds the same operators representing 
the cohomology, and the calculation essentially reduces to the classical mathematics of 
deformation theory. It would be interesting to perform an analogous calculation directly 
in the Landau-Ginzburg effective field theory, after integrating out the p field and gauge 
multiplet. 



Consequences of the index theorem 

For the Chern-classes of the S't/(3) bundle V one finds ciiV) = and C2{V) = 24. 
A theorem of Mukai tells us that the dimension of the moduli space of such a bundle 



is related directly to the index of Q^, and in this example has (quaternionic) dimension 
64. Therefore, one expects the brane spectrum to include 64 massless hypermultiplets, in 
agreement with our result. 

The index of is not directly related to the dimension of the brane moduli space for 
branes on Calabi-Yau threefolds. In those examples, the index of is still invariant under 
smooth deformations of the closed string and open string moduli, but there are adjacent 
nodes in the complex representing scalar states which may pair up with each other while 
preserving the index of the complex. Note that the index of is invariant under 
addition of brane-antibrane pairs in the linear sigma model. 
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7. Future Directions 

Many interesting issues arise in the study of D-branes on Calabi-Yau spaces, and our 
formalism might be usefully extended to address a number of them. Here, we close by 
mentioning several subjects for future exploration: 

• One expects that generic branes will cross lines of marginal stability in the (r, 0) plane. 
While a mechanism for implementing brane decays in the linear model was discussed in 
§5.3, it would be very interesting to derive the form of these loci of marginal stability 
directly in the linear model. This would presumably involve a direct calculation of the 
relevant spacetime central charge. 

• The physics of D-branes at singular points in their moduli space (where even the boundary 
CFT becomes ill-defined) should be tractable in this approach. For closed strings, the new 
non-compact branches which arise in the linear model at singular points in moduli space 



were shown in e.g. [|T^ to allow one to reproduce detailed calculations about divergent 



terms in the spacetime effective action. A similar story may well arise here. 

• A related question: At certain loci in moduli space, wrapped D-branes become massless 
spacetime states. This happens for instance at the mirror conifold point in the Kahler 
moduli space of the quintic, where the wrapped D6 brane becomes massless. What is the 
behavior of the worldvolume theory on the brane in such a limit? What happens as one 
makes extremal transitions to new branches of moduli space where such wrapped branes 
become fundamental string states? 

• We have confined ourselves to discussing S-type branes in this paper; but similar methods 



could work for A-type branes as well (for earlier work in this direction see [^|T5[, for later 



work in this direction see [^). As discussed in [1T8|JT9| , ^ there are expected to be intricate 



disc-instanton generated superpotentials for A- type branes. It would be interesting to 
formulate a linear sigma model description of such branes in which the instanton sum 
was computable. In a somewhat analogous problem with more supersymmetry, Morrison 
and Plesser did succeed in reproducing closed string instanton effects directly in the linear 



sigma model [36 . For recent work in this direction, see 56 



• Finally, any microscopically consistent model with wrapped, space-filling D-branes will 
have to include orientifolds (or anti-branes) as well to cancel RR tadpoles. It will be 
interesting to study new phenomena that arise in generalizing this kind of worldsheet 
description to models with orientifolds and/or antibranes. 
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Appendix A. Transformation properties of bulk supermultiplets 

Throughout this paper we use Q = and its conjugate as the generators of the 

unbroken B-type supersymmetry. S = and its conjugate generate the supersym- 

metry transformations broken by the boundary theory. 

The (2, 2) algebra is 

{Q±,Q±} = {Q±,Q^} = 
{Q±,QL} = 2P± 

(A.l) 

{g+,Ql} = 2Z {Q_,Q^} = 2Zt 

where Z acts by multiplication by qa'^ on a field of charge q and P± = —iD± is the gauge 
covariant momentum (but does not contain as). Note that [V±, Q] = [V±, Q^] = 0. 

In the following, our supercharges act by graded commutation. The (2, 2) supersym- 
metry transformations of the fields in a chiral multiplet, (p, of U{1) gauge charge a in 
Wess-Zumino gauge are 
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g0 = -iQ Q^(f) = Q(f)^ = Q^cf)^ = -iQ^ 

S(j) = -IT] = Scf)^ = = -iT]^ 

ge = Q^e = 2Vo(/) Qe+ = 2Vo</)^ Q^e+ = o 

59 = -F S^Q = 2Vi(p Se^ = 2(Vi(/))^ S^Q^ = -F^ 

Qr] = F Q+r/ = 2Vi0 Qr/^ = 2(Vi0)^ Q V = 
57/ = S^r] = 2Vo0 = 2Vo</'^ -5^7/^ = 

QF = QF^ = 2z ((Vie)t - Vo?7^) + 2#t (A+ + A_) 

Q^F = 2i (ViO - Vor/) + 2^0 (^A^ + a1) Q^F^ = 

SF = SF^ = 2i (VqQ^ - (Viry)^) + 2#t (A+ - A_) 

S^F = 2i (VoQ - Vir/) + 2g0 (^A^ - a1) 5^6^ = -F^ 



(A.2) 



The vector multiplet fields transform as: 

Qa = iXl^ Q^a = -zA_ Qa^ = -iXl_ QV+ = iX+ 

Sa = iXl S^a = iX- Sa^ = iXl S^a^ = iX+ 

Q^X+ = S^X+ = QXl = SXl = Q 

QA_ = ...+ -L(«+^) Q.Al=....--L(«-^) 

QU_ = = QA^_ = SXl = 

5A_ = -a_c7+4('ii^+^^ S^Xl = -d_a^-^(iD 



(A.3) 



\/2 V V2 y a/2 V \/2 

Qv+- = -i (^d+Xl + a_A^) Q^v+- = -i (a+A_ + a_A+) 

= -z (d+Xl - d-Xl^ S^v+- = -i {d+X- - d-X+) 

QiV2D = i (d+xl - 5_A^) QUV2D = ~i {d+X- - d-X+) 

SiV2D = i (d+Xl + a_A^) SUV2D = -i (-a+A_ + a_A+) 
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Appendix B. Boundary superspace 

We can exponentiate the supersymmetry transformations to define a superspace for- 
malism. We use the same bulk superspace coordinates as in . In this language the action 
of supersymmetry on superfields is generated by: 

= (-e_g+ + e+Q- + e-Ql - e+Qlj $ 

where e" is the Grassman parameter; the spinor indices are raised and lowered by the 
antisymmetric tensor 6^/3 as in 0. Recall that 

\ (B.2) 

Ql = -^-ie-d- 

where 

d±=do± di 
We can similarly define superspace derivatives: 

(B.3) 



d_ 



We wish to preserve as symmetries those transformations for which e-|- = e_ . Define: 



1 

3 



(B.4) 



€=—(€+-€- 



and set e = 0. Then 



We can define 



6^=[e^^ + e9^^]^ (B.5) 



= (B.6) 



V2 
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and 
so that 

Similarly, we can define superspace derivatives: 

- - o (B.8) 

Appendix C. The tensor formula 

Here we state a formula for the tensor product of two sheaves. The support of this 
product sheaf is the intersection of the supports of the original sheaves. 
Take a complex 

0^n^^l^---^Kn^O (C.l) 

whose cohomology is a sheaf E, and a complex 

^ Wo^Wi^ ■ ■ ■ ^ (C.2) 

whose cohomology is a sheaf F. Then a complex whose cohomology is E ® F is: 

^ ® Wo^Vo ^Wi®Vi® Wo^Vo ® VTs © Vi ® VTi © ^2 ® ^ , (C.3) 

where 

Dr+s+iia0b) = dr+iia)0b+ {-iya®ds+iib) (C.4) 

for a eVr and b G Ws- 

This formula is well known to mathematicians, to whom, however, the minus signs 
in (|C.4|) seem mysterious (c./. p. 431 of [|5^). Rather than proving this directly as a 



mathematical statement, we can give a physical interpretation. Consider two sets of fiber 
fields /3, p and /3, p which transform under two independent boundary symmetries t/(l)i^2- 
The /3, p fields are linear model fields satisfying the correct deformed chiral constraints to 
have cohomology equal to E. That is 

{<3^/32r^} = d2n-lpln-l 



(C.5) 

I — /4„ 



[<5^ pL+i] = d2np2n ■ 
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Similarly, /3, p satisfy the contraints: 



{Q^/32r^} = d2n-lp2 
[<5^ pL+i] = d2nP2n 



:n-i 



(C.6) 



in order to describe F. We can combine /3fc, p[ into an object 7^, which is even(odd) when 
m is odd(even). If the left endpoint lives in E ® F, the fields for both E and F should be 
excited. Thus we perform two boundary charge projections, each onto charge sector +1. 

To see that this is equivalent to the complex ( |C.3| ) with exterior derivative examine 
variables invariant under the combination — ^^(1)2- The gauge invariant combina- 

tions which satisfy deformed chiral constraints off shell are (3(3, (3p\ (3, . These 
combinations all have charge +1 under the remaining symmetry + t/(l)2), and 

satisfy: 



Thus, the singlets of the confined gauge group U{l)i — U{1)2 transform under supersym- 
metry as fibers in the complex defining E ® F. 



[Q^7m7n] = <im-l(7m-l)7n + (-1)"^ ^ lmdn-l{ln-l) ■ 



(C.7) 
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